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The derivation of Lorentz-covariant generalizations of Ohm’s law has been a long-term issue in
theoretical physics with deep implications for the study of relativistic effects in optical and atomic
physics. In this article, we propose an alternative route to this problem, which is motivated by the
tremendous progress in first-principles materials physics in general and ab initio electronic structure
theory in particular. We start from the most general, Lorentz-covariant first-order response law,
which is written in terms of the fundamental response tensor χµν relating induced four-currents to
external four-potentials. By showing the equivalence of this description to Ohm’s law, we prove the
validity of Ohm’s law in every inertial frame. We further use the universal relation between χµν
and the microscopic conductivity tensor σk` to derive a fully relativistic transformation law for the
latter, which includes all effects of anisotropy and relativistic retardation. In the special case of a
constant, scalar conductivity, this transformation law can be used to rederive a standard textbook
generalization of Ohm’s law.
PACS numbers: 03.30.+p, 03.50.De
Introduction.—Formulated as a simple, yet ingeneous
equality, capable of explaining a plethora of experimen-
tal data already at the time of its discovery, Ohm’s law
[1] soon found its technological application in the engi-
neering of nineteenth century telegraph systems [2, 3].
Since then it has been used in nearly every branch of
physical sciences to describe such different systems as
neuron cells in medical physiology [4, 5], black hole mem-
branes in astrophysics [6, 7], and recently even strongly
interacting (2 + 1)-dimensional conformal field theories
with anti-de Sitter space duals [8]. Although it had been
believed for a long time that Ohm’s law would break
down at the atomic scale, it was demonstrated in 2012 to
hold in silicon wires only four atoms wide [9], raising the
prospect of further applications in atomic-scale logic cir-
cuits [10–12]. On the theoretical side, the problem of de-
riving Ohm’s law from microscopic models (as formulated
e.g. by Peierls [13]) is attracting continuous interest [14].
In plasma physics, a generalized Ohm law is used to de-
scribe an electrically conducting, moving medium in the
presence of magnetic fields [15, 16]. Indeed, in the magne-
tohydrodynamic description, where Maxwell’s equations
govern the electromagnetic fields while the fluid is sub-
ject to energy and momentum conservation, Ohm’s law
expresses the coupling between the electromagnetic fields
and the fluid variables [17, 18]. This becomes especially
relevant in astrophysics and cosmology, where relativis-
tic plasmas are used to describe the formation of black
holes, the generation of jets and gravitational waves [19]
as well as the evolution of the early universe [20]. Con-
sequently, an intense research activity had been focused
on the derivation of relativistic generalizations of Ohm’s
law [21–30], a problem which has gradually reached the
modern textbook literature (see e.g. [31, Section 13.14]).
In a broader sense, relativistic approaches to condensed
matter physics are also highly important for practical
reasons, since they allow for the investigation of moving
media [32, 33]. The latter also play a significant roˆle
in classical optics, where e.g. the refractive index of a
moving medium is determined by the Fresnel drag coeffi-
cient [34–36]. In this context, the relativistic transforma-
tion properties of the microscopic conductivity tensor are
particularly important. In terms of the conductivity ten-
sor, electrodynamics of materials can be formulated as a
single-susceptibility theory [37, 38], i.e., all electromag-
netic response functions can be expressed analytically in
terms of the conductivity tensor [39, Sec. 6.5]. Hence,
the transformation properties of the conductivity tensor
essentially determine all other transformation properties
of electromagnetic material responses. Finally, in the ab
initio materials physics and electronic structure physics
communities, a relativistic formulation of Ohm’s law is
becoming increasingly relevant, since it turned out that
the corresponding optical response function is also influ-
enced by relativistic effects [40–45].
The present article is concerned with a more restricted
problem, the generalization of Ohm’s law to special rel-
ativistic covariance. On a macroscopic scale, Ohm’s law
relates the induced electric current density jind ≡ j
through the direct conductivity σ to an externally ap-
plied electric field by
j = σEext , (1)
or through the proper conductivity σ˜ to the total electric
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2field by
j = σ˜Etot . (2)
In the following, this difference does not play any roˆle,
because the transformation properties of the direct and
proper conductivities coincide. Microscopically, however,
Ohm’s law has to be interpreted as a non-local convo-
lution (see e.g. [46, Eq. (6.29)], [47, Eqs. (3.167) and
(3.185)])
jk(x) =
∫
d4x′ σk`(x, x′)E`(x′) , (3)
where x ≡ xµ = (ct,x) and d4x = dx0d3x. We choose
the Minkowski metric as ηµν = diag(−1, 1, 1, 1), such
that all spatial indices can be written as lower-case in-
dices, and we sum over all doubly appearing indices.
Throughout this article, we will always refer to Eq. (3)
as Ohm’s law. From the relativistic point of view, the
problem with Ohm’s law apparently is that it relates the
spatial part j of the four-vector jµ = (cρ, j) to the spatial
three vector Ei = cF
0i, which is part of the second-rank
field strength tensor Fµν = ∂µAν − ∂νAµ. Hence, it
is not obvious how Eq. (1) squares with the usual rel-
ativistic transformation laws. We will show below that
Ohm’s law in the form (3) is nevertheless relativistically
covariant, meaning that it has the same form in every
inertial frame. The reason for this unexpected covari-
ance of a seemingly non-relativistic response law is that
the conductivity tensor itself obeys a complicated (non-
tensorial) transformation law, which we will derive ex-
plicitly below.
In order to achieve this goal, we will not try to in-
terpret Ohm’s law as the spatial part of some covari-
ant, four-dimensional Ohm’s law, as is done e.g. in [48,
Sec. 1.5.6]. Instead, we start from the following linear
relation, which is well known in microscopic condensed
matter physics, ab initio materials physics and plasma
physics (see e.g. [48, Chap. 1], [39, Sec. 5], [49, Chap. 8]
or [50, Sec. I]):
jµ(x) =
∫
d4x′ χµν(x, x
′)Aν(x′) . (4)
Here, χµν denotes the fundamental response tensor,
which relates the induced four-current jµ to the applied
four-potential Aν = (ϕ/c,A). In fact, since the four-
potential contains the complete information about the
externally applied fields, Eq. (4) constitutes the most
general first-order response relation, which incorporates
all effects of inhomogeneity, anisotropy and relativistic
retardation [39]. The relation (4) is relativistically co-
variant per constructionem, because it relates the rela-
tivistic four-vectors jµ and Aν . In the following, we will
derive Ohm’s law (3) from Eq. (4) in a relativistic set-
ting. Based on the tensorial transformation law for the
Lorentz tensor χµν and the universal relation between
χµν(k, ω) χ
′µ
ν(k
′, ω′)
σij(k, ω) σ
′
ij(k
′, ω′)
(13), (16) (16)
(22)
(28)
FIG. 1. Universal relations and transformation laws. The
arrow labels refer to the equation numbers in the text.
χµν and σk`, we will further deduce the most general rel-
ativistic transformation law for the conductivity tensor.
In the special case of a constant, scalar conductivity, we
will show that the resulting equation can be used to red-
erive a standard textbook generalization of Ohm’s law.
Finally, we will discuss some problems of the standard
interpretation of the relativistic generalization of Ohm’s
law, which are resolved by our approach.
Relativistic derivation of Ohm’s law.—As mentioned
in the introduction, all (linear) electromagnetic response
properties can be derived from the fundamental response
tensor, which can be defined as the functional derivative
of the induced four-current with respect to the external
four-potential [39, 48, 49],
χµν(x, x
′) =
δjµ(x)
δAν(x′)
. (5)
The current jµ has to be invariant under gauge transfor-
mations, Aµ 7→ Aµ+∂µf , and has to fulfill the continuity
equation, ∂µj
µ = 0. This implies that the fundamental
response functions obey the constraints [48, 49]:
∂µχ
µ
ν(x, x
′) = 0 , ∂′νχµν(x, x
′) = 0 . (6)
In the following, we assume homogeneity in space and
time, such that
χµν(x, x
′) = χµν(x− x′) , (7)
or in the Fourier domain,
χµν(k, k
′) = χµν(k)δ
4(k − k′) (8)
with k = (ω/c,k). In particular, Eq. (4) then simplifies
in the Fourier domain as
jµ(k) = χµν(k)A
ν(k) . (9)
In the position/frequency domain, we can write the con-
3straints (6) equivalently as
χ0`(x− x′;ω) =
c
iω
∂
∂xk
χk`(x− x′;ω) , (10)
χk0(x− x′;ω) = c
iω
∂
∂x′`
χk`(x− x′;ω) , (11)
χ00(x− x′;ω) = −
c2
ω2
∂
∂xk
∂
∂x′`
χk`(x− x′;ω) . (12)
In the momentum/frequency domain, the fundamental
response tensor can therefore be written explicitly as [48,
Chap. 1]
χµν(k, ω) =
− c2ω2 kT↔χ k cω kT↔χ
− c
ω
↔
χ k
↔
χ
 . (13)
Thus, the constraints (6) allow for the reconstruction of
the complete fundamental response tensor χµν from its
spatial part χk` only.
In contrast to the fundamental response tensor, the
conductivity tensor in Eq. (3) relates the spatial current
to the observable electric field. Since a time-dependent
electric field is in general also accompanied by a mag-
netic field, the effect of the latter is already contained in
the microscopic conductivity tensor, which can hence be
characterized as the total functional derivative (see [39]
for a discussion of this concept)
σk`(x− x′; t− t′) = djk(x, t)
dE`(x′, t′)
(14)
≡ δjk(x, t)
δE`(x′, t′)
+
∫
d3y
∫
ds
δjk(x, t)
δBj(y, s)
δBj(y, s)
δE`(x′, t′)
. (15)
The thus defined conductivity tensor σk` is related to
the spatial part of the fundamental response tensor χk`
by the standard relation (see e.g. [47, 51])
↔
χ(x− x′;ω) = iω↔σ (x− x′;ω) . (16)
Using this, we now find for the response of the spatial
part of the current:
jk(x, ω) =
∫
d3x′
{
χk0(x− x′;ω) 1
c
ϕ(x′, ω) + χk`(x− x′;ω)A`(x′, ω)
}
(17)
=
∫
d3x′
{(
1
iω
∂
∂x′`
χk`(x− x′;ω)
)
ϕ(x′, ω) + χk`(x− x′;ω)A`(x′, ω)
}
(18)
=
1
iω
∫
d3x′ χk`(x− x′;ω)
{
− ∂
∂x′`
ϕ(x′, ω) + iωA`(x′, ω)
}
(19)
=
∫
d3x′ σk`(x− x′;ω)E`(x′, ω) , (20)
which obviously coincides with the microscopic Ohm law.
Besides proving Ohm’s law from the more fundamental
response law (4), the above calculation also provides a
fully relativistic and gauge independent derivation of the
universal relation (16). A similar calculation leads to the
response law for the charge density
ρ(x, ω) =
1
iω
∫
d3x′
∂
∂xk
σk`(x− x′;ω)E`(x′, ω) , (21)
which is also consistent with the continuity equation
for the induced four-current. We have thus shown that
Ohm’s law can be derived from a covariant response the-
ory. The seemingly paradoxical result that the induced
current can be completely expressed in terms of the ap-
plied electric field (such that the magnetic field does not
explicitly enter the description) stems from the fact that
the conductivity tensor corresponds to a total functional
derivative with respect to the external electric field [52].
Transformation law for the conductivity tensor.—As
we have derived Ohm’s law from the fundamental,
Lorentz-covariant response relation (4), it follows that
Ohm’s law holds in every inertial frame. Of course, it
is understood that the conductivity tensor itself obeys a
transformation law, exactly as the fundamental response
tensor (5). For deriving this transformation law, we con-
sider a general Lorentz transformation x′ = Λx, where
Λ ∈ O(1, 3), and assume that we are given the conduc-
tivity tensor σij(k, ω) in the unprimed coordinate system.
The conductivity tensor in the primed coordinate system
can then be derived in three steps as follows (see Fig. 1;
a similar argument can already be found in Ref. [53]):
(i) By means of Eq. (16) one obtains the spatial part
χij(k, ω) of the fundamental response tensor from the
conductivity tensor, and by the constraints (10)–(12) one
reconstructs from this the whole fundamental response
4tensor χµν(k, ω) ≡ χ(k, ω). (ii) The fundamental re-
sponse tensor is a second-rank Lorentz tensor, hence it
transforms according to
χ′(k′, ω′) = Λχ(k, ω)Λ−1 , k′ = Λk . (22)
(iii) In the primed coordinate system, one invokes again
Eq. (16) to read out the conductivity tensor σ′ij(k
′, ω′).
The concatenation of these operations then leads to
a complicated (i.e. non-tensorial) transformation law
for the microscopic conductivity tensor under general
Lorentz transformations.
Before deriving this transformation law explicitly, we
note that under spatial rotations the conductivity tensor
transforms according to
↔
σ ′
(
k′, ω
)
=
↔
R
↔
σ (k, ω)
↔
R−1 , k′ =
↔
Rk , (23)
where
↔
R ∈ O(3). For this reason, we call σk` a second-
rank cartesian tensor. On the other hand, every proper,
orthochronous Lorentz transformation can be factorized
into a spatial rotation and a boost [54, 55], while an arbi-
trary Lorentz transformation amounts to a proper, ortho-
chronous Lorentz transformation possibly combined with
a time reversal and/or a parity transformation [56, 57].
Therefore, it suffices to study the transformation proper-
ties of the conductivity tensor under boosts, which have
the general form
Λ(v) =
(
γ −γvT/c
−γv/c
↔
Λ
)
. (24)
Here, v is the velocity of the primed coordinate frame
relative to the unprimed frame, γ = 1/
√
1− |v|2/c2, and
↔
Λ =
↔
1 + (γ − 1) vv
T
|v|2 . (25)
In particular, the momenta and frequencies transform as
k′ =
↔
Λk − γωv
c2
, ω′ = γ(ω − v ·k) . (26)
From Eq. (22) we obtain after some algebra the relation
between the spatial components
↔
χ ′(k′, ω′) =
↔
Λ
(↔
1−vk
T
ω
)
↔
χ(k, ω)
(↔
1−kv
T
ω
)↔
Λ . (27)
By applying Eq. (16) in both coordinate systems and
taking into account the resulting factor ω/ω′ through
Eq. (26), we obtain the desired transformation law for
the conductivity tensor:
↔
σ ′(k′, ω′) =
1
γ
(
1− v ·k
ω
)−1 ↔
Λ
(↔
1 − vk
T
ω
)
↔
σ (k, ω)
(↔
1 − kv
T
ω
) ↔
Λ . (28)
In the following, we will also need the converse relation,
↔
σ (k, ω) = γ
(
1− v ·k
ω
)(↔
1 − vk
T
ω
)−1 ↔
Λ−1
↔
σ ′(k′, ω′)
↔
Λ−1
(↔
1 − kv
T
ω
)−1
(29)
= γ
(↔
1 − vk
T
ω
)−1 ↔
Λ−1
↔
σ ′(k′, ω′)
↔
Λ−1
((
1− v ·k
ω
)↔
1 +
kvT
ω
)
, (30)
where in the last step we have used the identity(↔
1 − kv
T
ω
)−1
=
↔
1 +
kvT
ω − v ·k . (31)
Note that Eq. (28) represents a non-tensorial transforma-
tion law in contrast to the ordinary transformation law
(23) for rotations.
Comparison with the standard textbook generalization
of Ohm’s law.—Let us assume that the conductivity ten-
sor is known in one particular inertial frame, which we
identify with the primed coordinate system. Typically,
this may be associated with the rest frame of the material
probe (see, however, the discussion in the last section).
Then Eq. (30) allows us to calculate the conductivity
tensor in any inertial frame with constant velocity −v
relative to the primed coordinate system. In particular,
we can reexpress Ohm’s law in the unprimed coordinate
system, ji(k, ω) = σij(k, ω)Ej(k, ω), in terms of the con-
ductivity tensor of the primed coordinate system:
j(k, ω) = γ
(↔
1 − vk
T
ω
)−1 ↔
Λ−1
↔
σ ′(k′, ω′)
↔
Λ−1
×
((
1− v ·k
ω
)↔
1 +
kvT
ω
)
E(k, ω) . (32)
5To simplify this expression, we use that(↔
1 − vk
T
ω
)
j(k, ω) = j(k, ω)− vρ(k, ω) (33)
by the continuity equation, and moreover,(
1− v ·k
ω
)
E(k, ω) + k
v ·E(k, ω)
ω
= E(k, ω) +
v × (k ×E(k, ω))
ω
(34)
= E(k, ω) + v ×B(k, ω) , (35)
where we have employed Faraday’s law. Thus we obtain
j(k, ω)− vρ(k, ω) = γ
↔
Λ−1
↔
σ ′(k′, ω′)
↔
Λ−1
×
(
E(k, ω) + v ×B(k, ω)
)
. (36)
Now consider the special case where the conductivity of
the primed coordinate system is scalar and constant, i.e.,
σ′ij(k
′, ω′) = δij σ′ . (37)
Then Eq. (36) simplifies as
j − vρ = γσ′
↔
Λ−2 (E + v ×B) . (38)
Using that (γ − 1)(γ + 1) = γ2|v|2/c2, we find
↔
Λ−2 =
(↔
1 +
1− γ
γ
vvT
|v|2
)2
=
↔
1 − vv
T
c2
, (39)
and consequently,
j − ρv = γσ′
(
E − v
c
(v
c
·E
)
+ v ×B
)
. (40)
This formula is usually referred to as the relativistic gen-
eralization of Ohm’s law in the textbook literature (see
e.g. [58, Section 5.3], [59, Problem 11.16] and [60, Prob-
lem 9-15]). We have shown that it is a special case of
Eq. (36), which in turn is a direct consequence of the rel-
ativistic transformation law for the conductivity tensor
(28). Finally, we remark that in the limit where terms of
order |v|2/c2 are neglected, Eq. (40) reduces to
j − vρ = σ′(E + v ×B) , (41)
which is also a standard textbook generalization of Ohm’s
law [60]. In fact, this last equation is obviously equiva-
lent to j′ = σ′E′, provided one uses the transformation
laws j′ = j − vρ and E′ = E + v × B, respectively.
Note, however, that these transformation laws for j and
for E correspond to the electric limit and to the magnetic
limit of the Maxwell equations, respectively [61]. Hence,
these two transformation laws cannot be combined into
a consistent non-relativistic limit of the Maxwell equa-
tions [62], and this shows that the generalized Ohm law
is a non-trivial result which cannot be derived by elemen-
tary symmetry considerations.
Paradoxes of the standard interpretation.—Finally, in
order to illustrate more clearly the advantages of our ap-
proach, let us describe some paradoxes of the standard
interpretation of the relativistic Ohm law and their res-
olution by our approach. The standard interpretation
(see e.g. [58–60]) assumes that Ohm’s law in the form
(1) holds in only one preferred inertial frame, while in all
other inertial frames the generalized Ohm law (40) has
to be employed. The latter equation contains in the form
of the velocity parameter v a quantity which is neither
associated with the material probe itself nor with the
external perturbation in a given inertial frame. There-
fore, given the electric and magnetic fields in a certain
inertial frame, one is not able to determine the induced
current by means of Eq. (40). Instead, in the first place
one would have to determine the velocity v of the given
inertial frame with respect to the preferred inertial frame
where Ohm’s law holds in the form (1). This of course
raises the question in which inertial frame Ohm’s law in
the form (1) actually holds true. Here, it is tempting to
identify this inertial frame with the rest frame of the cen-
ter of mass of the material probe. In actual fact, however,
this answer is unsatisfactory as it leads to the following
problems:
(i) First of all, it is not clear whose center of mass one
should refer to. In the case of a solid crystal, for example,
the center of mass will be determined almost exclusively
by the positions of the nuclei, which have a much larger
mass than the electrons. On the other hand, the con-
ductivity of the sample will usually be determined by the
electronic subsystem, or more precisely, by the conduc-
tion electrons. It is not clear, therefore, why the center of
mass of the whole material probe should enter Ohm’s law
at all. (ii) The center of mass of the electronic subsystem,
on the other hand, will generally not be at rest. Instead,
it will be accelerated by the external electric and mag-
netic fields. This would lead to additional complications
in the applicability of Ohm’s law in the form (1). (iii) Fi-
nally, on a microscopic level Ohm’s law—like any other
response law—relates the effect (i.e. the induced current)
at one space-time point x to the perturbation (i.e. the ex-
ternal electric field) at another space-time point x′ as de-
scribed by Eq. (3). The fundamental principle of causal-
ity now implies that the conductivity has to be retarded,
i.e., the current at some space-time point x can only be
affected by the electric field at those space-time points x′
which lie in the backward light-cone of the point x. On
the other hand, the center of mass is determined by inte-
grating the mass density of the whole sample at a fixed
time. If, for example, in the case of a relativistic plasma
some far distant part of the sample started accelerating,
then this would instantaneously affect also the center of
6mass of the whole sample. It is clear, therefore, that the
center of mass cannot enter any relativistic response law,
because this would violate the principle of causality.
In our approach, these problems of the standard in-
terpretation are naturally resolved, because Ohm’s law
in the form (3), if at all, actually holds in any intertial
frame irrespectively of the center of mass. On the other
hand, the conductivity tensor is not regarded as a mere
number. Instead, its wavevector and frequency depen-
dence as well as its relativistic transformation law are
explicitly taken into account.
Conclusion.—Starting from the Lorentz-covariant mi-
croscopic response relation (4), we have established the
validity of Ohm’s law in every inertial frame. The rea-
son for this unexpected covariance lies in the fact that
the conductivity tensor itself obeys a complicated (non-
tensorial) transformation law, which we have derived ex-
plicitly in Eq. (28). Such a non-tensorial transformation
law is of a particular interest, because it demonstrates
that even an equation which does not involve a single
Lorentz tensor can still be Lorentz covariant. Given the
conductivity tensor in any particular intertial frame (such
as the rest frame of the medium), our formula (28) can
be used to compute the conductivity tensor in any other
inertial frame. Thus, it provides a direct link to the ex-
periment, where the relativistic current response is not
only relevant for plasmas in large-scale astrophysics, but
also for tabletop experiments with moving media in con-
densed matter and optical physics.
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